O Let I be the unit interval, m the ordinary Lebesgue measure on I. A probability measure μ on I x / is called doubly stochastic, if its marginal distributions coincide with m (i.e., μ(AxI) = μ(IxA) -m(A) for each Borel set AQ I). This is thought of as a continuous analogue of the notion of a doubly stochastic matrix (see [8] for a survey of results about doubly stochastic matrices). By a theorem of G. Birkhoff and von Neumann, the extreme points of the set of doubly stochastic matrices are the permutation matrices. The continuous analogue of a permutation matrix would be the graph of a bijective, measure preserving function, but it is easy to construct extreme points that are not of this type (a deep study, showing that for some purposes these special measures may well suffice has been given in [13] ). On the other hand, all concrete examples of extreme doubly stochastic measures (e.d.s.m.) that can be found in the literature are concentrated on the graphs (or inverse graphs) of functions, mostly even linear functions and there was some common belief that any double stochastic measure must in some sense be made up from graphs (cf. the beginning of §2 of [2] ). A functional analytic characterization of the e.d.s.m. has been given by Douglas [4] and Lindenstrauss [7] . Several authors have tried to generalize properties of permutation matrices to these measures, see e.g., [1] , [2] , [10] . One of the aims of this paper is to present some new constructions of e.d.s.m. which will also disprove some natural conjectures. The second construction yields a measure that is not concentrated on graphs. While the measures in the first construction are still concentrated on two graphs, it turns out that even in this case the geometric interrelations are much more complicated. In [2] the following conjecture (attributed to J. Feldman) was mentioned: if μ is an e.d.s.m. and if v is a doubly stochastic measure which is 388 V. LOSERT absolutely continuous with respect to μ, then v -μ. In [2] this conjecture was confirmed by Brown and Shifiett for a class of extreme doubly stochastic measures which is geometrically related to permutation matrices. In Theorem 1 of our paper we will give a functional analytic characterization of measures μ that satisfy a slightly stronger property as above (v need not be positive -the result of [2] holds also for this stronger property). It is along the lines of the results by Douglas in [5] . Then we study a special class of doubly stochastic measures, defined in a certain way by a measure preserving transformation T. A similar type of measures (but with a different behavior) has been studied in [12] . In Theorem 2 we give conditions on T that ensure that the corresponding measure be extremal (resp. satisfies the properties of Theorem 1). Then it is easy to give examples of transformations for which the properties of Theorem 1 do not hold and which disprove also Feldman's conjecture mentioned above. The idea to use ergodicity properties of transformations for the construction of doubly stochastic measures was first used in [13] p. 87.
The second part of the paper concerns the support of an e.d.s.m. It has been proved in [7] that any such measure is singular with respect to the ordinary Lebesgue measure m (x) m on the unit square, i.e., it is concentrated on a set of m®m -measure zero. Nevertheless, we will give an example showing that the support of the measure may be the whole unit square, i.e., the measure is not concentrated on a closed set whose m ® m-measure is less than one. This measure has also the property that any graph (or inverse graph) of some measurable function has measure zero (Theorem 3). I would like to thank S. Graf for bringing these problems to my attention and also for several references to the literature. 
(ii) ==> (iii). By Theorem 1 of [4] it is sufficient to show that F is dense in L°°(μ) with respect to the norm topology induced by
z/(/0
The result follows from a general lemma on convex subsets of
LEMMA. If F is a convex subset of L°°(μ) and μ f < μ, then the w*-closure of F in L°°(μ) is contained in the closure taken with respect to the norm topology induced by L\μ f ),
Proof. Since μ f < μ, we get μ' = uμ for some ueL\μ). The continuous functionals for the w*-topology are given by elements of L\μ).
The continuous functionals for the norm topology induced by L\μ f ) are represented by elements of {hu: h e L°°(μ)} £ L\μ) (if one uses the same duality as above). Now the lemma follows easily from the Hahn Banach theorem ( [11] , Ch. II, 9.2). /2] be an arbitrary measure preserving transformation. We consider measures μ supported by the following four sets:
e., the unit square is partitioned into four congruent sub squares. In the first of them we consider the graph of T, in the other squares, the diagonal). The corresponding measures will be denoted by the same letter. If μ is supported by (ii) Write μ x = /^mfT^ eL°°(m), 0 <: h x ^ 1). μ is an extreme doubly stochastic measure iff μ λ (resp. h x ) has the following property: Proof. Assume that μ is given. Let A be a measurable subset
Since μ is doubly stochastic, we get:
This gives:
And finally
The last equation shows that μ x (A) = μ ι {T~1A) f i.e., μ x is T-invariant. (1), (2), (3) (1), (2), (3), it is easily seen that μ is a doubly stochastic measure. This proves (i).
( Hi) ). It is easily seen that there exists even a probability measure μ' Φ μ which is doubly stochastic and absolutely continuous with respect to μ (e.g., the diagonal measure on F 2 U Ft).
ii). Assume that
2 In the next section we present another method to construct extreme doubly stochastic measures. It uses approximations by 392 V. LOSERT measures on finite subalgebras. Let Σ be the α -algebra of Borel sets on I. We will consider increasing sequences (Σ n ) resp. (Σ' n ) of finite subalgebras of /, where Σ n (Σ' n ) is generated by a partition P n (Qn) of I into finitely many subintervals. We will define a measure μ successively on the subalgebras Σ n <g) Σ r n . To assure that the limit measure is extremal, we will use an idea similar to [2] Thm. 1 and [3] Thm. 2. There is a connection between extremality and the existence of "loops". If μ is not extremal, one will also get such loops in one of the approximating algebras Σ n ® Σ' n . The aim of the following construction will be, to cut off each such loop at a later step. THEOREM 
There exists an extreme doubly stochastic measure μ whose support is the whole space. In addition, μ has the following property: if μ -\μ^x dm(x) = \μ 2 , x dm(x) are the disintegrations of μ with respect to the two coordinate projections (μ lίX is concentrated on {x} x JΓ, μ 2tX on I x {x}), then the measures μ liX and μ 2>x are continuous a.e. (i.e., each point has measure zero). In particular any graph or inverse graph of some measurable function f:I->I has μ-measure zero.
Proof. By induction we will define partitions P n = {Ii Λ) } αe A<*> and
UA^
of I. For n = 0 we put A (o) -{1}, /<°> -J<°> = I, μ(I x J) = 1. Now assume that P n9 Q n have already been defined, and μ(Γ a n) x Jf ] ) > 0 for all a, βeA in) . We consider two different cases:
(a) if n is even, we choose
is partitioned into fc-subintervals JiΓi +1) , **, Iffi^ of equal length. We put P n+1 = {I& +1) : ae A in)
, j = 1, , k}. Q n+ι is constructed in the same way from Q n .
for a, βeA {n+1) , n + 1 odd.
(b) if n is odd, let r = r(n) be the cardinality of A [n) x A (n) (i.e., the number of atoms in Σ n ®Σ' n ). We choose k > 2 n r and put
x A {n) -> {1, , r} be a fixed bisection. Finally put c π = mm{μ(Γ a n) x J^w ) ): α, βe A {n) }. To get P n+1 (resp. Q n+1 ) we partition each interval Zi %) (resp. J^w ) ) into k r subintervals I^\ (resp. Jϋly\) where 1 <: ΐ χ ^ k for 1 = 1, , r, whose length will be decided later on. We put , then we have by (5), (6):
Since by (4) (fc -I)" 1 )
x J^)(w -l)^1-^ -I)" 1 .
Combined with (7), we find that:
for a11 1 ^ iϊ k fc, ί = 1, , r. "Now put •ί (n) = U {^?r !i r : α e A (ra) , i t = k for at least one I). Then
is a union of (k -l) r intervals for which (8) holds. Therefore
(by our choice of k and since clearly r Ξ> 2 n ). Summing over αe A (TC) , we get:
In the same way, we get an exceptional set J (n) with m{J {n)
Having defined all partitions P n9 Q n9 we want to extend μ to a measure on J? ® I 7 . This is done as follows: Let μ {n)
be the pro-394 V. LOSERT bability measure on / x /, whose restriction to each rectangle Γ a n) x Jβ n) (oc, βe A {n) ) is a multiple of the ordinary Lebesgue measure and such that μ {n) (Γ a n) x Jf ] ) = μ(Γ a n) x Jf). Let μ' be a cluster point of the sequence (μ {n) ) in the weak topology of the set of all Radon measures on I x / with respect to continuous functions). Since each μ {n) is doubly stochastic, the same is true for μ'. In particular, the boundary of each rectangle Γ a n) x J ( β n) has ^'-measure zero. If (μ {7li) ) is a subsequence of (μ {n) ) converging towards μ\ it follows from [9] Ch. II, Thm. 6.1 that μ {n^( Γ a n) x J™) converges to μ\Γ a n) x J ( β n) ). This shows that μ\Γ a n) x J ι β n) ) = μ(Γ a n) x J ι β n) ), i.e., μ' is an extension of μ. (From now on we will again write μ for μ'.) We claim that μ has the properties stated in Theorem 3.
We have already remarked that μ is doubly stochastic. Let μ = \μ Ux dm (x) be the disintegration of μ with respect to the first coodinate projection (μ lfX is concentrated on {x} x I). Similarly μ {n) - [μ[*ldm(x) . If xeΓ a n) (aeA M ) and I is a Borel subset of /, then
Then m(Γ°) = 0 by (10) . If x$I~, then by (4) and (9) The interiors of the rectangles Γ a n) x Jf\a 9 βeA {n)
, n^Q) form clearly a basis for the topology of Ixl.
By our construction μ(Γ a n) x JM) = μ {n) (Γ β n) x J^) > 0 and therefore supp μ = I x I. The last thing that we have to show is the extremality of μ. Equivalently: if / e L°°(μ) and the conditional expectations EJ and E 2 f with respect to the two coordinate projections are zero, then / equals zero. Assume the contrary, i.e., ||/||oo = 1 and EJ = E 2 f -0. By the martingale convergence theorem, there exists an odd integer n and α', β r e A {n)
such that (11) (12), (13), (14) such that (δ lf δ B ) e A-i If 3 is also odd, then ( §!, δ 5 )eDj U JDy_i (since (δ 2 , δ^eDj), but both possibilities contradict the minimality of i. Similarly if j is even, then (β lt δ B ) e Ώ ά U D J+1 which is also impossible* An analogous argument works in the case that i is even. This shows that either (a, β) e Dj for some j ^ 2 or all D 5 are disjoint. To exclude the second possibility, observe that Ui^o Dj contains with each element also the whole column corresponding to that element. Therefore, by (12) :
Similarly Ui^iA contains only complete rows, therefore by (13) (12) and (13) are zero for φ aβ ).
If the sum in (14) would also be zero (for all choices of ct\ β' eA ίn) ), then (a aβ -b aβ ) would have the properties (12) , (13), (14), contradicting our minimal choice of (a aβ ) (since α αi « 2 -6 αχα2 = 0). Therefore φ aβ ) has the properties (12), (13) , (14) (possibly with a smaller constant in (14)) and we will assume from now on that a aβ = b aβ for all a, β. Finally since all the measures in the two disintegrations of μ are continuous, it follows that any graph or inverse graph has μ-measure zero.
